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Abstract
This talk is the review of the recent activity in prooving the equivalence of two approaches to high energy QCD:
the CGC approach and the BFKL Pomeron calculus. It is shown that they are equivalent for rapidities η ≤ 2ηmax =
2
ΔBFKL
ln
(
1
ΔBFKL
)
.
Keywords: CGC approach. BFKL Pomeron calculus. High energy QCD.
1. Introduction
CGC/saturation approach has been on the market for
more than three decades and still it is not seen any in-
dication of its demise. Such a long lifetime of this ap-
proach, in my opinion, is not only because it is based
on solid theory: QCD, but also because we have a lot
of diﬃcult and challenging problems to solve. It is also
important that we see slow but steady progress in solu-
tion of all these problems. The talk is devoted to one of
the such steps forward in CGC/saturation approach.
The main goal of the CGC/saturation approach is to
build an eﬀective theory at high energy, which is (i) sim-
pler than QCD; (ii) has small parameters which guaran-
tee that the eﬀective theory coincide with QCD at high
energies; (iii) satisﬁes the general constraints: analyt-
icity, crossing symmetry, s and t channel unitarity; and
(iv) describe the experimental data at high energy. The
description of the experimental data is not very impor-
tant if all theoretical problems have been solved, since
QCD has enough experimental conﬁrmations. How-
ever, in the process of creation of the eﬀective theory
comparison with the experiment can help us to ﬁnd the
most economic way of theoretical development.
At the moment the eﬀective high energy QCD
has two realizations: CGC approach and the BFKL
Pomeron calculus. Both of these approaches have the
same small parameters but they diﬀer in building bricks
as well as in the strategy of how to construct the ef-
fective theory. The main diﬀerence in the strategy be-
tween these approaches stems from the starting points:
the BFKL Pomeron calculus gives the example of the
theoretical approach which is built in the way that the
t-channel unitarity is satisﬁed while the CGC approach
starting point is the s-channel unitarity that preserves
in each step of this approach. For both approaches we
need to proof either the s-channel unitarity (the BFKL
Pomeron calculus) or the t-channel unitarity (the CGC
approach) are fulﬁlled.
One of the way to prove this is to show the equivalence
of these two approaches. We report here the progress in
this proof of equivalence that has been reached as result
of rather vivid activity (see Ref.[1, 2, 3, 4, 5]). For the
general ideas and the progress in high energy QCD we
refer to the book of Ref.[6]. In the next two sections we
brieﬂy outline the progress that both approaches reach
in understanding of the scattering amplitudes at high en-
ergies.
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2. The BFKL Pomeron calculus
The common features for the both approaches is the
set of small parameters that guarantee that the eﬀective
theory leads to the same results as QCD at high ener-
gies.This set of small parameters have been speciﬁed:
αS ln(1/x) ≈ 1;αS ln(Q2)  1;αS  1; (1)
α2S
(
1
x
)ΔBFKL
≈ 1; ΔBFKL ∝ αS (2)
Eq. (1) provides the conditions of applicability of the
leading log(1/x) approximation (LLA) in which we sum
the contributions of the order of (α¯s ln (1/x))n in each
Feyman diagram of the order of α¯ns . The summa-
tion leads to the BFKL Pomeron [7] whose propagator
(GBFKL) is proportional to
(
1
x
)ΔBFKL
with ΔBFKL = 4 ln 2 α¯s
(see Fig. 1). Fig. 1 shows the main ingredients of the
BFKL Pomeron which include the reggeization of the
gluons in t-channel, the new vertex ﬁor the emission of
gluon from the two t-channel reggeized gluon and so on
. Eq. (2) gives the conditions when we cannot calculate
the scattering amplitude as the exchange of the BFKL
Pomeron but need to sum all Pomeron interactions in-
duced by the triple Pomeron vertex.
These interaction can be written in economic form of
the functional integral suggested in Ref.[8]
Z[Φ,Φ+] =
∫
DΦDΦ+ eSwith S = S 0 + S I + S E ;
S 0 =
∫
dY dY ′ d2x1 d2x2 d2x′1 d
2x′2
Φ+(x1, x2; Y)∇21∇22
(
∂
∂Y
− H
)
Φ(x′1, x
′
2; Y
′);
S I =
2 πα¯2s
Nc
∫
dY ′
∫
d2x1d2x2 d2x3
x212 x
2
23 x
2
13
× (3)
{ (
x412∇21∇22Φ(x1, x2; Y ′)
)
Φ+(x1, x3; Y ′)Φ+(x3, x2; Y ′) + h.c.
}
;
H f (x1, x2; Y) = α¯s2π
∫
d2x3 Mx1,x2;x3 ×(
f (x1, x2; Y) − f (x1, x3; Y) − f (x3, x2; Y)
)
Mx1,x2;x3 ≡
x212
x223 x
2
13
.
In Fig. 2 the typical processes are shown for dilute
and dense partonic system interactions. In the BFKL
Pomeron calculus we reached the complete understand-
ing of the process of the dilute-dense system scattering:
we have the non-linear equation (Balitsky-Kovchegov
= + +
q
s   /q2
x , p i i,T
x , p i i,T
i,T
2
S
x , p i i,T
2
GBFKL (x, {. . . })
∝ e4 ln 2α¯s ln(1/x)
Figure 1: The main ingredients of the BFKL Pomeron. The intercept
of the BFKL Pomeron ΔBFKL = 4 ln 2α¯s.
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Figure 2: Diﬀerent processes of scattering at high energies: dense-
dense system scattering is illustrated by the nucleus-nucleus interac-
tion in Fig. 2-a, the typical process of dilute-dense system scattering
is shown in Fig. 2-b using the deep inelastic photon scattering (DIS)
as an example; and thee virtual photons scattering is pictured in Fig. 2
as the typical example of dilute-dilute system scattering.
equation) which sums the ‘fan’ Pomeron diagrams (see
Fig. 2-b) and the developed phenomenology based on
this equation (see Ref. [6]). On the other hand, our un-
derstanding of the dilute-dilute system scattering is very
limited and no equation have been derived in spite of nu-
merous attempts. It turns out that the dense-dense scat-
tering can be described in semi-classical approximation
(see Ref.[8]) which works for the nucleus-nucleus scat-
tering. This process has been in the focus of the experi-
mental and theoretical study during the past decade and
the fact that we can describe this process in the BFKL
Pomeron calculus can be considered as a great success
of this approach.
3. CGC approach
In contrast to the BFKL Pomeron calculus the CGC
approach is based on the s-channel picture in which
the s-channel unitarity is automatically satisﬁed while
t-channel unitarity has to be proved. The building block
for this approach is the S-matrix for the Wilson line (see
Fig. 3-a). The idea of the derivation of the main equa-
tion (JIMWLK equation) is based on the space-time pic-
ture for the parton cascade for the fast hadron and it is
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Figure 3: CGC approach: the building bock: Wilson line (Fig. 3-a)
; and the graphic picture for the Wilson renormalization group ap-
proach(Fig. 3-b)
shown in Fig. 3-b. In the parton cascade the emission of
the one gluon (the blue gluon emitted by the red one in
Fig. 3-b) can be treated in two diﬀerent ways: all gluons
that are emitted before this gluon create a classical ﬁeld
which can be considered as a quantum emission from
the red gluon.
As a result of such consideration the equations can be
derived as we show below. One can see that these equa-
tions are written for the S -matrix of scattering gluons
〈S〉 =
∫
dα
∫
dρδ(ρ)WP[δ/δρ] eig
2
∫
x ρ
a(x)αa(x)WT [α]
d
dY
〈S〉 = (4)∫
dα
∫
dρδ(ρ)WP[δ/δρ]HRFT [ρ, δ/δρ] eig
2
∫
x ρ
a(x)αa(x)WT [α]
HKLWMIJ =
αs
2π2
∫
x,y,z
Kxyz
{
JaL(x)J
a
L(y) + J
a
R(x)J
a
R(y) − 2JaL(x)Rab(z)JbR(y)
}
R(x) = eT
aδ/δρa(x);
JaL(x) = tr
[
δ
δRTx
TaRx
]
− tr
[
δ
δR∗x
R†xT
a
]
;
JaR(x) = tr
[
δ
δRTx
RxTa
]
− tr
[
δ
δR∗x
T aR†x
]
It should be emphasized that the CGC approach for
dilute-dense system (see Fig. 2-a) gives the same equa-
tion as the BFKL Pomeron calculus. In particular, it
reproduces the BFKL Pomeron exchange in the limit
when two system are dilute. Such examples give rise
to a hope that these two approaches are equivalent. On
max
max
0
HJIMWLK
HKLWMIJ
max
max
0
HJIMWLK
HKLWMIJ
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Figure 4: The equivalence of two approaches: for η ≤ 2ηmax (Fig. 4-a)
and for η ≥ 2ηmax (Fig. 4-b).
the other hand, in the CGC approach we do not have
the equation for the nucleus-nucleus scattering. Such a
situation leads to a suspicion that the BFKL Pomeron
calculus gives an oversimpliﬁed approach to the prob-
lem and has to be improved.
4. Our results
In our papers [1] - [5] we prove the equivalence
of two approaches for the dipole-dipole (dilute-dilute)
scattering in the restricted kinematic region: viz. for
rapidities η ≤ 2ηmax = 2ΔBFKL ln
(
1
ΔBFKL
)
. ηmax is the
rapidity at which the fast moving dipole produces the
parton cascade with the density approaching the value
of about 1/αs. Therefore, the kinematic region corre-
sponds to the scattering of dilute two systems in the re-
gion of energy until these systems become dense. In that
kinematic region we can use the following Hamiltonian
which coincide with Eq. (3) with Φ is replaced by P.
HRFT = HKLWMIJ + HJIMWLK − HBFKL −→ (5)
−αsNc
2 π2
∫
x,y,z
Mx,y;z ×
{
[Px,z + Pz,y − Px,y] P†x,y − Px,zPz,y P†x,y − P¯x,zP¯z,y P¯†x,y
}
P(xy) =
g4
4
×
[
1
∇2 (xu) −
1
∇2 (yu)
][ 1
∇2 (xv) −
1
∇2 (yv)][P
†(uv) − δuv
∫
z
P†uz
]
P†(xy) =
4
g4
∇2x∇2yP(x, y), x  y; P¯†(xy) = 0, x = y
TheHJIMWLK of the Hamiltonian of Eq. (5) describe
the parton cascade for η < ηmax(see Fig. 4-a ) while the
parton cascade for η > ηmax(see Fig. 4-a ) is character-
ized byHKLWMIJ . The Hamiltonian of Eq. (5) describes
the decay of one Pomeron to two Pomerons (P → 2P)
as well as the merging of two Pomerons in one Pomeron
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(2P → P). Therefore, at ﬁrst sight, we reproduce
the BFKL Pomeron calculus with the action given by
Eq. (3). However, it is actually not true since simulta-
neously a new reggeon which we call B-reggeon1 . The
interaction of B-reggeon is described by the Hamilto-
nian:
HB = −αsNc2 π2
∫
xyuvz
{
− [Mx,y;z + Mu,v;z − Lx,u,v,y;z] BxyuvB†xyuv
+4Lx,v,u,v;zBxyuzB†xyuv − 2Lx,y,u,v;zPxvPuyB†xyuv (6)
−2PxzPyz
[
2Lx,y,u,v;zB†xyuv −
(
Lx,u,y,v;z + Lx,v,y,u;z
)
B†xuyv
]
4PxzPyu
[
2Lx,y,x,v;zB†xyuv − Lx,y,x,u;zB†xyvu
]
− 4BxyuzPzvLx,v,u,v;zB†xyuv
}
where
Lx,y,u,v;z =
1
2
[
My,u;z + Mx,v;z − My,v;z − Mx,u;z
]
(7)
One can see that this Hamiltonian includes two pro-
cesses: the decay of B -reggeon to two Pomerons
(B → 2 P) and the decay of B-reggeon to B-reggeon
and Pomeron (B → B + P). Therefore, the resulting
Hamiltonian can be written as
HRFT = HKLWMIJ+HJIMWLK−HBFKL → HP+HB (8)
whereHP is the Hamiltonian of Eq. (5).
However, for the cross section of DIS which can be
reduced to the scattering of a dipole with the target, one
can see from Eq. (6) that the B-reggeon does not con-
tribute and this process can be described byHP. There-
fore, for the inclusive observables in DIS process, we
see that the CGC and the BFKL Pomeron calculus give
the same descriptions and can be reduced to the non-
linear Balitskly-Kovchegov equation. However, if we
consider the correlations the B-reggeons have to be in-
cluded and the approach given by Eq. (3) in the BFKL
Pomeron calculus should be modiﬁed to include the B-
reggeon contributions.
We found why we cannot use this Hamiltonian for
larger value of rapidity. It turns out the the four Pomeron
interaction vertex (see Fig. 4-b) started to be essential.
This vertex is not included in the BFKL Pomeron cal-
culus given by Eq. (3). The physical meaning of the
four Pomeron interaction as illustrated in Fig. 5, is that
of the probability for “direct” interaction of two dipoles
1This reggeon was introduced approximately two decades ago by
J. Bartels with his collaborators[9]. We call this reggeon between us
as Bartelson but to avoid jokes about the son of Bartel we decided to
use more neutral name: B-reggeon.
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Figure 5: The four Pomeron interactions that are generated by the
exchange of the Pomeron and B-Reggeon.
from the upper cascade with two dipoles from the lower
cascade. For dilute-dense scattering this probability is
small. However when the rapidity of one of the collid-
ing objects approaches 2ηmax the four Pomeron interac-
tion becomes more signiﬁcant. It is the largest if all the
dipoles that interact are close to midrapidity η = ηmax.
It should be stressed that the estimate for the strength
of the direct four Pomeron interaction due to one
Pomeron exchange is α¯3s/N
2
c , while for the B-Reggeon
it is α¯s/N2c where α¯s = αS Nc/2π.
The Pomeron exchange can therefore be neglected,
or rather treated as a perturbation. To derive the in-
duced interaction due to the B-Reggeon we need to in-
tegrate over the rapidity of the intermediate state. This
gives a factor 1/ (2ωP − ωB) where ωP is the intercept
of the BFKL Pomeron and ωB is the intercept of the B-
Reggeon exchange. Finally to take into account the four
Pomeron vertex we haste to add to Eq. (5) the following
term:
ΔHRFT = 1
α2s
1
8π8
1
(2ωP − ωB)
∫
x,y,u,v;x¯,y¯,u¯,v¯;z,z¯{(
4Pxz
(
Pyz − Puz
)
+ 2PxvPuy
)
Lx,y,u,v;z + 8Pxz
(
Pyv − Pyu
)
Lx,y,x,v;z
}
× DB (x, y, u, v; x¯, y¯, u¯, v¯) (9)
×
{(
4P¯x¯z¯
(
P¯y¯z¯ − P¯u¯z¯
)
+ 2P¯x¯v¯ P¯u¯y¯
)
Lx¯,y¯,u¯,v¯;z¯ + 8P¯x¯z¯
(
P¯y¯v¯ − P¯y¯u¯
)
Lx¯,y¯,x¯,v¯;z¯
}
whereDB
DB(x¯, y¯, u¯, v¯; x, y, u, v) ≡ 16 · 8g8N2c
[B¯†(x¯, y¯, u¯, v¯), B†(x, y, u, v)]
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is deﬁned as
DB(x¯, y¯, u¯, v¯; x, y, u, v) ≡ (10)
≡
[
Δ(x¯, v¯; x, v)Δ(x¯, y¯; x, y)Δ(y¯, u¯; y, u)Δ(u¯, v¯; u, v)
+ Δ(x¯, v¯; x, v)Δ(x¯, y¯; u, v)Δ(y¯, u¯; y, u)Δ(u¯, v¯; x, y)
+ Δ(x¯, v¯; x, y)Δ(x¯, y¯; y, u)Δ(y¯, u¯; u, v)Δ(u¯, v¯; x, v)
+ Δ(x¯, v¯; x, y)Δ(x¯, y¯; x, v)Δ(y¯, u¯; u, v)Δ(u¯, v¯; y, u)
+ Δ(x¯, v¯; y, u)Δ(x¯, y¯; u, v)Δ(y¯, u¯; x, v)Δ(u¯, v¯; x, y)
+ Δ(x¯, v¯; y, u)Δ(x¯, y¯; x, y)Δ(y¯, u¯; x, v)Δ(u¯, v¯; u, v)
+ Δ(x¯, v¯; u, v)Δ(x¯, y¯; x, v)Δ(y¯, u¯; x, y)Δ(u¯, v¯; y, u)
+ Δ(x¯, v¯; u, v)Δ(x¯, y¯; y, u)Δ(y¯, u¯; x, y)Δ(u¯, v¯; x, v)
]
where
Δ(x, y; u, v) ≡
(
1
∇2 (xu) −
1
∇2 (yu) −
1
∇2 (xv) +
1
∇2 (yv)
)
(11)
We refers the reader to Ref.[3] for more details on the
subject.
At the moment we do not know whether the only
modiﬁcation of the BFKL Pomeron calculus is related
to the inclusion of new, four Pomeron term or all multi-
Pomeron vertices become important and we need to
state that the BFKL Pomeron calculus leads to incon-
sistent description of the eﬀective theory at high energy.
5. Conclusions
We proved that in the limited range of energies (η ≤
2ηmax both approaches are equivalent. Therefore, at leat
at these energies we have built the eﬀective theory of
high energy scattering which is (i) simpler than QCD;
(ii) has small parameters which guarantee that the ef-
fective theory coincide with QCD at high energies; and
(iii) satisﬁes the general constraints: analyticity, cross-
ing symmetry, s and t channel unitarity. Such theory is
given by the Hamiltonian of Eq. (5).
We do not know if we can expand this Hamiltonian
to a wider range of energies including the four Pomeron
vertex . The ﬁrst estimates rather show that all multi-
Pomeron vertices become important and the Reggeon
Field Theory is ceased to be useful and we have to make
ourselves familiar with more complicated approaches.
Our main goal for the nearest future is to under-
stand whether we can derive the equations for the
nucleus-nucleus collisions that have been suggested in
the framework of the BFKL Pomeron calculus[8]. Only
after ﬁnding the solution to this problem we plan to an-
alyze the dilute-dilute partonic system scattering.
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